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(PRELIMINARY) 

UNCERTAINTY IN RESOURCE MARKETS. 
The theory of exhaustible resources has been presented so far with all 
elements affecting the  market equilibrium known with certainty. Needless to 
say, this is a drastic simplification.  

Neither total stocks, the cost structure or back-stop technologies are perfectly 
known at the initial point but knowledge can be acquired. Even the rate of 
discount may be regarded as uncertain and varying over time, as tax schemes 
and other conditions influencing profitability. Agents may face severe 
uncertainty due to market imperfections that are inherent in resource markets. 
Altogether this implies significant uncertainty regarding future prices of the 
resource. Let us first recapitulate some general points and conclusions derived 
from the theory of economic behaviour under uncertainty.  

Economists analyse risk by attaching probabilities to uncertain events, although 
the probability distribution may exist only in the mind of the agent. Risk versus 
uncertainty. Another important distinction is between exogenous and 
endogenous risk, the latter means uncertainty stemming from the actual way 
of organizing the economy, while exogenous risks may be due to physical 
phenomena and cannot be avoided. For an individual agent, the distinction 
between exogenous and endogenous risk may not be very important, it means 
anyway that future prices are uncertain!  
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ARROW-DEBREU EQUILIBRIUM 
Arrow-Debreu dealt with uncertainty in general equilibrium by introducing 
contingent goods. This means that each market transaction is made contingent 
on which of the "states" for the uncertain outcomes that materializes. The 
equilibrium prices are accordingly defined as contingent prices.  

With a complete set of contingent prices, there is no market-induced price 
uncertainty. Within htis framework all endogenous risk has been removed 
through diversification, so that a Pareto optimal allocation of resources is 
achieved. In the absence of perfect contingent markets, there will be 
endogenous uncertainty "left" that the society is not able to eliminate through 
insurance, stock markets or other hedging arrangements. This uncertainty can 
be dealt with by (subjective) probability assessments.  

The common decision rule is based on von Neumann-Morgenstern theorem of 
expected utility, stating that a utility ordering of uncertain outcomes of a 
stochastic variabel y  ( say 1 2, ,..., ny y y ) can – given certain axioms – be given  by 
maximizing expected utility, expressed as 
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The shape of the utility function expresses the attitude towards risk held by the 
decision maker. If the utility is (strictly) concave, the agent is said to be risk 
averse, preferring a certain outcome equal to the expected value of y  rather 
than the uncertain prospect. Concavity of the utility function implies  
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If, on the other hand, the utility function is convex, the decision maker prefers 
an uncertain prospect for its expected value.  

Intuitively, risk aversion implies that the behaviour of economic agents 
becomes more “cautious”. Applied to the problem of extracting a non-
renewable resource, the expected effect is a slower speed of extraction. As we 
shall, this is also a common result under a wide class of circumstances.  

Assuming risk aversion, a certainty equivalent is defined as a value of yielding 
a utility that exactly matches expected utility, i.e. 

(3) ( ) ( )i iu y u yπ= Σ ⋅   

 

With a concave utility function, it will be the case that y Ey< .  

y
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EXPONENTIAL UTILITY 
A common functional form in economic analysis involving risk and uncertainty 
is the exponential form, expressed as 

(4) ( ) yu y A Be β−= −         

β  measures the degree of (absolute) risk aversion, which is generally defined as 
( ) / ( )u y u y′′ ′− . The exponential utility is analytically convenient, since, given that 

the probability distribution for y  is normal, it can be shown that  

(5) 1[ ( )] ( [ ] var( ))
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The problem of maximizing expected utility can thus be transformed to a 
deterministic problem of maximizing the expectation of y  with a correction 
term with its variance. From (3) it follows that the argument on the RHS side of (5) 
is a certainty equivalent, so that with an exponential utility function,  

(6) 1[ ] var( )
2

y E y yβ= −

 
Within a dynamic framework, a key element in decision making under 
uncertainty is flexibility. The basic idea is common sense: since usually 
information and knowledge of uncertain events increase over time, plans 
should not be decided once and for all. Hence, there is a positive value related 
to keeping options open, by not initiating irreversible project too early.  

Analytically, the aspect of flexibility implies that optimal decisions are 
formulated in terms of strategies. These are rules of the kind “do this if that 
happens”. Information is utilized as soon as it arrives, and based on the most 
recent knowledge, actions may be taken and plans revised. The information 
about uncertain events may be influenced by choice, hence the importnace of 
gathering more information.  

Flexibility has a strong appeal in the management of exhaustible resources. For 
many natural resources, investment decisions are irrevocable, or only 
reversible at very high costs. The option value related to the fact that the 
amount of information increases over time may therefore be significant. In the 
literature it is demonstrated that when investments are irreversible, there is a 
tendency towards overinvesting initially when random variables are replaced 
by expected values. Below, this effect is briefly discussed within a stochastic 
version of Gray's model of optimal timing of extraction of an individual mine.  
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RESOURCE EXTRACTION AND PRICE UNCERTAINTY 
How is the behaviour of individual resource owners affected by the presence of 
price uncertainty? Let the individual producer be a price taker in a simple static 
model of producer behaviour, with production x , and the extraction 
technology given by a general cost function ( ),   ( 0, 0)c x c c′ ′′> ≥ . The output 
price, p , is stochastic with expected value and variance equal to µ  and 2σ , 
respectively. The producer's net income is ( )y px c x= − . We assume the producer 
is risk averse, as represented by the exponential utility function in (4) above. This 
means that the analysis can be performed by replacing the uncertain net revenue 
y  by its certainty equivalent, defined as 

(7) 2 21( )
2

y x c x xµ β σ= − −   

The last term in (7) can be interpreted as a risk premium, proportional to the 
variance of the uncertain income, 2 2x σ .  

The optimal level of production is found as the solution to the equation 
/ 0dy dx = , yielding the following condition: 

(8) 2( )c x xµ βσ′= +   

(8) is a straightforward modification of the standard condition for profit 
maximization, i.e. price equal to marginal cost, by  a risk premium added to 
marginal production cost.  

Compared to the traditional deterministic case, the marginal cost schedule is 
shifted upwards. As is rather intuitive, with a stochastic output price, and given 
that the producer is risk averse, the production level is reduced compared to 
no uncertainty (with the price equal to the expected value).   

Is this result replicated in a dynamic model describing the behaviour of a 
resource extracting firm? Broadly speaking the answer is yes, in the sense that 
under a wide class of circumstances uncertainty regarding future prices implies 
that the production profile is adjusted so that extraction is restricted in an 
initial period, compared to the full certainty case. If so, price uncertainty also 
implies a higher (expected) scarcity rent of the resource stock.  

However, as noted above, within a dynamic setting the behaviour under 
uncertainty is different from that of a static model: When there is uncertainty 
regarding future events, decisions should be described in terms of strategies. In 
the following we seek to give some insight in how the dynamic equilibrium of a 
resource extraction firm is affected by price uncertainty.  
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GRAY’S PROBLEM RECONSIDERED UNDER PRICE UNCERTAINTY 
Generalizing the Gray model to uncertainty in the price, the problem of the 
resource owner is now to maximize expected discounted profits, i.e. 

(9) 
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under the standard resource stock constraint. The resource price now is 
knownand given as p , while the resource owner knows that at a future date, 'T , 
the price is either Up with probability Uπ , or Lp  with probability (1 )L Uπ π= − .  

The equilibrium can be handled analytically by using value functions of 
deterministic maximization problem. For a given (certain) price p , a given stock 

0S  and a given horizon T  the value function for (9) is  
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The producer must decide how much to deplete, say 'S  before reaching 'T , and 
also the rate of depletion. Regarding the latter issue, we know from exercise 3 
that the resource rent must increase at rate r . In the period preceding 'T , there 
is no uncertainty regarding the current price or its growth rate. 

After 'T , the uncertainty is revealed, and price profile will be similarly 
determined. What remains is to determine the optimal level of resource 
extraction up to 'T , i.e. 'S . This problem can be solved by restating (9) as 
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The first order condition is 
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The LHS has the interpretation as the resource rent (shadow price) at 0t = , 
while the expression in parentheses on the RHS is the weighted sum of the 
resource rent (shadow price) at 'T . Multiplying over with 'Te with we can 
rewrite (12) as  

(13) ' ' ''( ) ( '( )) ( '( ))U U L L
T T Tp b x p b x p b xπ π− = ⋅ − + ⋅ −   

This equation express that the resource rent just before reaching 'T  must equal 
the expected rent on marginal resource unit just after the information about the 
uncertain price is revealed. (13) is thus a zero arbitrage condition at 'T , so that 
there is no “jump” in (expected) resource rents between the two periods of 
extraction.  
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FURTHER COMMENT ON THE GRAY PROBLEM UNDER UNCERTAINTY 
Equation (13) is a basic condition for Arrow-Debreu contingent commodity prices. 

'( '( ))U U
Tp b Rπ −  is the resource rent at 'T  conditional on the new price being 

equal to Up . Similarly, '( '( ))L L
Tp b Rπ −  is interpreted as the rent occurring at 'T  

contingent on the price Lp  to materialize. In a general setting involving 
contingent goods, the price of a commodity “delivered” at time 'T  equals the 
sum of the contingent prices of the different “states”, reflecting that transactions 
at any date are constrained by the common information available at that time.  

The optimal extraction program is such that before reaching 'T , the resource 
rent increases at the rate of interest. The end point of this rent trajectory is 
determined by the zero arbitrage condition (13). At 'T , the new price, either  
or  is observed, the market price jumps to its new level, and the extraction 
program continues with an exponentially increasing resource rent. As before, the 
initial level of extraction, and thus the initial rent, is determined by the condition 
that accumulated production must just equal the initial stock.  

It should be noted that the extraction program is described in terms of 
strategies. Alternative paths can be "calculated" by the producer at time zero. 
However, the actual decision on the level of extraction after 'T  is delayed until 
the uncertainty regarding the final price is removed.  

Hartwick and Yeung (1985) shows that for a given stock, a resource extracting 
firm prefers a stochastic price with mean  rather than facing a certain 
price p . Formally, this follows from the fact that the value function (10) is strictly 
convex in p. Define p  as a linear combination of  and , i.e. 

11 2 2p p pπ π= + , a 
function  is strictly convex in  if and only if . This 
implies that when the output price fluctuates around the average price p , 
positive deviations more than outweigh negative deviations of similar size. As a 
consequence of a higher expected return, the resource owner will seek to 
allocate a larger share of the total stock to be extracted after  under price 
uncertainty compared to when the resource can be sold at the risk free price . 
Accordingly, a smaller resource stock is left for extraction in the period up to . 
Thus, the resource becomes more “scarce”, implying a higher initial rent than a 
corresponding extraction program under certainty.  

In the simple static model above price uncertainty combined with risk aversion 
induced the producer to restrict production. In the present dynamic model of a 
resource extracting firm, a similar conclusion is reached, but without assuming 
risk aversion. As illustrated, a risk neutral resource owner facing price 
uncertainy will seek to slow down initial extraction.  
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USING STOCHASTIC DIFFERENTIAL EQUATIONS 
In lecture 3 we introduced the special case of a small amount of resource at 
constant unit costs of extraction, and concluded that in such a case the 
producer (if possible) will choose to empty the deposit completely at a specific 
point in time. Assuming an increasing price, extraction will take place when the 
resource rent increases by the rate of interest. With price uncertainty the 
problem cab stated as (under the assumption that the output price of the 
resource develops according to a Wiener process), 

(14)   

The last term in (14) accounts for the stochastic variations around an 
exponential trend (growing at rate ). The objective of the resource owner is to 
maximize expected value of the stock. This is a so-called optimal stopping 
problem. The producer observes the development in the market price, and 
“stops waiting” - carries out extraction - when the fluctuating price reaches a 
sufficiently high level - the “trigger price”. Let this be denoted by . It can be 
shown  that the trigger price under uncertainty is higher than in the deterministic 
case. Again, uncertainty has the implication that the expected value of a project 
increases compared to a case with no fluctuations in prices. As a consequence, 
projects may be postponed in order to reap a possibly higher profit. 

The latter model emphasizes the importance of meeting uncertainty with 
flexible decisions, i.e. strategies. The example may be used as a demonstration 
of the option value related to uncertain, irreversible projects. There is a positive 
option value from postponing extraction if the (expected) increased value of the 
stock exceeds the loss from discounting. At the trigger price , the loss of 
interest from further postponement just equals the expected profit gain. At that 
point, extraction is carried out.  
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GRAY’S PROBLEM WITH THE SIZE OF THE RESOURCE STOCK UNCERTAIN 
Uncertain size of stock may be analysed similarly to that of price uncertainty 
although there are differences between the two problems. Let us assume that 
there are two "states of the world", i.e. two possible stock sizes, 𝑆1and 
𝑆2 (> 𝑆1), with probabilities  and . We shall distinguish between three 
different cases regarding how information about the uncertain stock is gained.  

i) The producer observes the actual stock size at a given time, say .  

ii) The information is revealed when accumulated extraction is 𝑆1.  

iii) Knowledge about the size is gained by investing in exploration.  

In case  i) the equilibrium conditions are derived similarly to the case of output 
price uncertainty. The resource owner has to decide how much to extract up to 
time 𝑇1. Before and after this time the resource rent has to increase at rate equal 
to . Equilibrium implies equality between expected resource rents at 𝑇1, as in 
13). 

The conclusion is again that uncertainty motivates the producer to cut down on 
the initial extraction, thus yielding a higher initial resource rent. Without 
providing any rigorous proof, this may be realized by making use of the value 
function (10) being concave in the initial resource stock (implying that Jensen's 
inequality prevails): 

(15) [ ( )] ( [ ])E V S V E S<   

where 1 1 2 2[ ]E S S Sπ π= +  is the expected size of the resource stock.  

Thus uncertainty about the size of the resource stock implies an initially higher 
rent and slower rate of extraction. 
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In case ii) the resource owner gains no information about the size of the initial 
stock until accumulated production equals 1S . The problem is to choose the 
depletion period for 1S . The extraction program follows the now well known 
pattern, with rent increasing at the rate of interest. At  the producer observes 
whether the deposit is empty, or that the stock size actually was 2S .  

To sketch the optimal solution, let  denote the maximum value function 
for the period up to , while  is the maximum value function for the 
rest of the lifetime of the deposit contingent on the initial stock being . If 1S  is 
all there is, the resource value in the second period is zero. The optimal depletion 
time, , is found by maximizing the total discounted expected value of the 
resource, i.e. 

(16) 1

1
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The solution has to satisfy the following necessary condition: 
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The LHS of (17) is the change in the value of 1S  (measured at time zero) 
obtained by extending the period of depletion marginally. The RHS is the interest 
rate multiplied by the expected value of the remaining reserves, discounted to 
time zero. In equilibrium, these two "returns" have to balance.  

(17) is a generalization of the end point condition in the corresponding 
deterministic model of a resource extraction firm. In the Gray model the 
optimal extraction horizon is determined by the condition that marginal costs 
equals average cost. Equation (17) can be transformed to 

(18)   

From this equation, it is seen that in the present model the “terminal” 
extraction rate of 1S  exceeds terminal production in a model where the resource 
stock is limited to 1S  with certainty. Since in the extraction program both cases is 
characterized by an exponentially increasing resource rent, it may be concluded 
that the extraction path in the present stochastic model exceeds that of a certain . 
Naturally, this reflects that the producer realizes that, after all, there is a 
probability  for the resource stock actually being . On the other hand, by 
using the same kind of arguments as above, it can be shown that early extraction 
is reduced compared to the level chosen when the initial stock size equals the 
expected level 1 1 2 2[ ]E S S Sπ π= + .  
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In case iii), the resource owner can reveal the uncertainty by investing, say a 
given amount k . Thus, the determination of time for gaining the information 
about the stock size is again part of the optimization problem. The solution of this 
model involves both aspects that are focused in the previous two cases. More 
precisely, the problem is to determine simultaneously the optimal time, 1T , to 
invest  k  and the accumulated extraction up to this point. In the sub-periods 
ahead of and after 1T , rent is increasing at rate . The time to invest, 1T  and the 
corresponding optimal accumulated production, are determined by equations 
analogous to (13) and (17) respectively. A comparison of the optimal contingent 
extraction program with corresponding deterministic models, leads to the 
intuitively reasonable conclusions: Under uncertainty, initial extraction is higher 
than when the problem is to manage a certain 1S , but lower compared to the 
case with initial stock equal to the expected size, 1 1 2 2[ ]E S S Sπ π= + . 

 

In further discussion the uncertainty of future backstop could have been 
discussed, both with regard to timing, price/cost and amount.  
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